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Abstract 

We compute the wig for the BTZ black hole, namely the complete non-linear so- 
lution of supergravity equations with all fermionic zero modes. We use a "gauge 
completion" method starting from AdS^ Killing spinors to generate the gravitinos 
fields associated to the BH and we compute the back-reaction on the metric. Due 
to the anticommutative properties of the fermionic hairs the resummation of these 
effects truncates at some order. We illustrate the technique proposed in a prece- 
dent paper in a very explicit and analytical form. We also compute the mass, the 
angular momentum and other charges with their corrections. 
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1 Introduction 



In [T] we constructed the complete solution (named 11 wig 11 to recall that all fermionic hairs 
are resummed into a complete non-linear solution) starting from non-extremal black holes 
for M = 2, D = 5 and D = 4 supergravity. The construction presented in that work 
was based on a Mathematica® package used to "integrate" the fermionic zero modes of 
the solution into the metric and the other fields. The word "integrate" means, in the 
present context, the resummation of all fermionic contributions to fundamental fields. 
This procedure is also known as "gauge completion" and it has been used to resum all 
components of a given superfield. 

In the present paper we analyze a simpler situation where it possible to compute all 
contributions analytically and presenting them in a compact and manageable form. For 
that we consider N = 2, D = 3 supergravity theory [2[21H[5j[6l[Il|8j[9]. 

It has been pointed out that this theory is a topological one and therefore it does not 
possess any local degrees of freedom, that is all fluctuations can be reabsorbed by gauge 
redefinitions. Nevertheless the theory has non-trivial localized solutions with singularities 
such as black holes, which are trivial solution except for the fixed points of an orbifold 
action (the orbifold is defined in terms of a discrete subgroup of the isometry group jl]). 

Our motivations stem from the fluid/gravity correspondence discovered in [TUl [EE] 
and extended in [JJ to fermionic degrees of freedom. Starting from a solution of a 
gravity/supergravity theory on AdS background such as black hole or black-brane so- 
lution, one acts with certain isometries transformations whose parameters depend on 
AdS-boundary coordinates. The transformed expressions are no longer solution of the 
equations of motion unless those local parameters satisfy some non-linear differential 
equations. They are the Navier-Stokes equations for the boundary field theory. In [T2], 
we showed that by extending the construction of [TUl tH] it is possibile to derive the 
fermionic corrections to Navier-Stokes equations in terms of fermion bilinears. The lat- 
ter may acquire a non-vanishing expectation value yielding physical modifications of the 
fluid dynamics. Despite the originality of the result, our analisys in [12] was limited to 
the linear approximation since we did not possess the result after a finite superisometry. 
For that reason, in [JJ we construct the general solution. That reveals several interesting 
aspects that we present here in a simpler set-up. 

The analysis in [1] is based on the papers by Aichelburg and Embacher [131 HU US EE 
ITT] where the Schwarzschild solution for M = 2, D = 4 supergravity in flat space has been 
lifted to a full non-linear solution of the equations of motion including the fermionic zero 
modes. The fields are constructed iteratively starting from the pure bosonic expressions 
and acting on them with the supersymmetry. In [1], we adopt their construction starting 
from non-extremal black holes in M = 2, D = 5 supergravity in AdS?, background. The 
procedure can be also adapted to BPS objects and it will be presented in forthcoming 
publications [TS]. The choice of the non-extremal solution is made to simplify the com- 
putation since all supersymmetries are broken and any transformation can be used to 
construct the complete wig. 

In the present work we start from BTZ black holes [3jHl|5] for A/ - = 2, D = 3 super- 
gravity [6j [7J and we construct the corresponding wig. We first compute the fermionic 
zero modes then in terms of them the gravitinos, partners of the black hole, and finally 
the complete solution. The gauge field, which is zero at the bosonic level, becomes non- 
zero by fermionic corrections. We compute all charges associated to the BTZ black hole 
with all fermionic contributions. Finally, we compute the new stress-energy tensor on 
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the boundary of AdS relevant for the fluid/gravity correspondence. 



2 M = 2, D = 3 AdS Supergravity 

As mentioned in the introduction, we consider the simplest non-trivial example of M = 
2, D = 3 of [21 [6] which is described by the vielbein e A , the gravitino (complex) xb, 
an abelian gauge field A and the spin connection uj ab . Those are the gauge fields of 
the diffeomorphism, the local supersymmetry, the local U (1) transformations and of 
Lorentz symmetry. The gauge symmetry can be used to gauge away all local degrees of 
freedom except when some fixed points are present, namely for localised singular solutions 

OH El EE] 

The invariant action has the following form 

S= J ^R AB Ae c e ABC -^e A A e B Ae C £ iJ?c -^AD^-AAdij , (2.1) 

which in components reads 

S = Jd 3 x [e (R + 2A) - $ M V N xb R e MNR - A M d N A R e MNR ] , (2.2) 

where R is the Ricci scalar, {A, B, . . . } label flat indices and {M, N, . . . } refer to curved 
ones. The action is invariant under all gauge transformations and it can be cast in a 
Chern-Simons form. For AdS^, the cosmo logical constant is A = —10 The covariant 
derivative T> is defined as 

Vm = D M + % -A M + -T M , (2.3) 

where D = d + jU AB Tab is the usual Lorentz-covariant differential. It can be easily 
shown that (12.21) is invariant under the supersymmetry transformations 

8^ = Ve , 5 e e A = ~ {eT A ^ - ^T A e) , 8 e A = ~ - . (2.4) 

The spin connection transforms accordingly when the vielbein postulate is used to com- 
pute uj AB . The metric signature is (— , +, +) and the gamma matrices Y A are real. From 
(12. 2p we deduce the following equations of motion 

Vip = , 

dA = -ib A ib , 
4 

De A = A T A iP , 

R AB _ Ae A A( ,B = ^AB^C^ (2 5) 

The third equation is the vielbein postulate, from which the spin connection u AB is 
computed. It is possible to check the above equations against the Bianchi identities. 



1 Notc that AdS-i radius is set to one. 
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Note that the theory is topological and therefore it can be written in the form languagell 
The gravitino equation is nothing else than the vanishing of its field strength, the second 
one fixes the field strength of the gauge field and the fourth one fixes the Riemann tensor. 



3 AdS 3 and BTZ Black Hole 

In the present section we describe two solutions of supergravity equations of motion (12. 5ft : 
the AdSz space and the BTZ black hole in AdS%. 
In global coordinates, AdS 3 metric is 

ds 2 = -f 2 dt 2 + f~ 2 dr 2 + r 2 d<p 2 , (3.1) 

where f 2 = r 2 + 1. The associated vielbeins are 

e° = fdt , e 1 = f~ l dr , e 2 = rd0 , (3.2) 

and the spin connection components read 

uA = rdt , co° 2 = , u\ = fd(f> . (3.3) 

The flat metric t]ab is mostly plus (— , +, +). The gamma matrices are defined as follows 

T = ia 2 , r\ = cr 3 , r 2 = tri , {T A , T B } =2r) AB . (3.4) 

Then, the Killing spinor equations read 

d r e + ^jT 1 e = , 

^e+i(-rr 2 + /r )e = 0, 

^e+^(rr 2 -/r ) e = . (3.5) 

The index of gamma matrices is flat since the vielbein is written explicitly. Note that 
(fTi + rT ) 2 = 1. To solve eqs. (13. 5p . we define the projected spinors 

e± = ±rie± , (3.6) 

hence, equations (13. 5p read 

d r e+ + 7^e+ = , <9 r e_ - = , 

dte+ + \ (/ - r) e_ = , d t e_ - l - (/ + r) e + = , 

d^e + + I ( r - /) e _ = , fy e _ + I ( r + /) e+ = . (3.7) 



2 Using the forms, the gauge symmetries are obtained by shifting all helds e A — !• e A + £ A , ip — > ip + rj, 
ui —> lo ab + k AB and A — >• A + C and consequently the differential operator d — >• d + s. £ A , r\, 
k AB and C are the ghosts associated to diffeomorphism, supersymmetry, Lorentz symmetry and U (1) 
transformation, respectively and s is the BRST differential associated to those gauge symmetries. 
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Solving the r-equations we have 

e + =(r + /r l7 V (t,0) 
thus the t-and ^-equations reduce to 



e-=(r + /) 1/2 77_ (t 



(3i 



=0 



dtV- ~ 
fy»7- + 2^ 



=0 
=0 



(3.9) 



The solutions read 



that is 



6 =2 



= (r + f)- 1/2 
-{r + ff 2 
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~t - f 


Ki cos 




- C2 sin 
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t - 



+ Ci sin 



t - 



(3.10) 



X cos 



t- 



11 — sin 



a- ( Vr + f 



1 



ri 



X 



t - 



C 



(3.11) 



where £ is a spinor with two complex Grassmann components (1 and (2- 

Having analysed the AdS$ space we now deal with the BTZ black hole. In global 
coordinates, it is described by the following metric 



ds 2 = -iV 2 dt 2 + iV- 2 dr 2 + r 2 (N^dt + d^) 1 
where N and are defined as 



N 



J2 

-M + r 2 + — 
4r 2 



2r 2 



(3.12) 



(3.13) 



The parameter M is identified with the mass of the black hole while J represents its 
angular momentum. Notice that neither N nor depends on coordinate t which means 
that the solution is stationary. The non-zero vielbein components are 



;° =Ndt 



e L =N- L dr , 



--rN*dt + rd(f> 



and the non-zero spin connection components read 



oj°i =rdt — -^-d(f) 



J 



oj 2 = - 



2r" T ' " * 2r 2 N 

The existence of a horizon is constrained by [3j H] 

M > , 



dr 



U X 2 



Nd<p 



\J\ < M 



(3.14) 



(3.15) 



(3.16) 



the case J = 0, M = — 1 reduces to empty AdS 3 (13.11) while the case — 1 < M < can be 
excluded from the physical spectrum since it corresponds to a naked singularity. Note also 
that for r 00 the metric approaches the empty AdS^ solution ( 13. ip . It exists also an 
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extremal solution for M — \J\, which preserves two of the four supersymmetries of AdS^. 
In the present case we want to focus on the non-extremal case where all supersymmetries 
are broken. 

It is useful to define the following real bilinears 
B = -<t C; B 1 = -zCW, B 2 =<W, B 3 = -iCW, (3-17) 
from which we compute 

ee = B 2 , 
eT Q e = i[-fBo + r(cB 3 -sB 1 )] , 
eTie = —% [cBi + sB 3 ] , 

eT 2 e = % [-rB + / (cB 3 - sB x )\ , (3.18) 

where c = cos (t — 4>) and s = sin (t — <fi). Due to the anticommutitive nature of £1 and 
(2, the following identites hold 

B 2 = Bj = B 2 . = -B 2 , B l B j = 0,i^j, B™ = , n > 2 . (3.19) 



4 Wig for General BTZ Black Hole 

The superpartner of a generic field <3> is constructed by acting with a finite supersymmetry 
transformation on the original field 



$ = e 5t $ = $ + <5 e $ + -<5 2 $ + . . . . (4.1) 

In the present case, it is more useful to deal with an expansion in powers of bilinears of 
e. This is denoted by the superscript [n] , which counts the number of bilinears. Due to 
our choice of the background fields, we have 

rN = —S 2n B F [n] = - tf 2n_1 F n > (4 2) 

2n\ e ' (2n-l)! e ' ' 1 J 

where i? and F are respectively bosonic and fermionic fields. Then, for fermionic fields 
[n] counts n — 1 bilinears plus a spinor e while for bosonic fields it indicates n bilinears. 
The n = case represents the background fields 

J°M_ p a\ 7/; [0] -n A l ° ] -Q (4-1) 

In this formalism, from susy transformations (12. 4ft we derive algorithms to compute iter- 
atively the various fields 

_ (2n-l)^ /£ ' 

~ 4(2n) ^ M ' 
41 = i^jMS + ^ • (4-4) 
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Then, the wig order by order is written ag^| 



n M Jp\A Jn-P\B 

HmN ~ / , e (M N) 'IAB 



(4.5) 



p=0 



At first order in bilinears the gravitino l-form reads 



v 2 



(N - /) r - ^r 2 



e (dt _ d 0) + 1 ( 1 _ I _ 



J 



2 ViV / 2r 2 iV 



Tiedr 



(4.6) 



The first order wig is 



g^ = -[M-r 2 + fN]B 2 dt 2 



1 



8r 2 N 2 f 



[2r 2 (N-f) + fj] B 2 dr 2 + 



- [J + 2M - 2r 2 + 2fN] B 2 dtd0 + -B 2 , 
8 8 



(4.7) 



The gauge field 
1 



B [f(N-f) 



J 



+ (cB 3 - sB x ) (-r{N-f) + 



11 

2r 



(dt - d0) 



- i ^ -4 



J 



N f 2r 2 N 



(cBi + sB 3 ) dr . 



(4.t 



The first order of the spin connection is obtained from the vielbein postulate. Using 
standard coordinates transformation, the singularity in N = 0, being apparent as in the 
zero order metric (l3.12j) . can be removed. Notice that all dangerous 1/N terms appear 
along the dr component. The pattern repeats itself at the second order. 

Iterating the procedure, namely by inserting the first order corrections in (14.41) . we 
derive the second order results. The gravitino is 



[2] 



((J - 2rf) (B - sB, + cB 3 ) + 



96r(r + ff/ 2 

- (r 2 J + 2r/( J + r 2 ) + f(J + 4r 2 ) + 2rf - 2rN(r + f) 2 ) 
x (B + sB 1 - cB 3 ) ) ((11 + r0 + (r + f)(t- T 1 )) + 

+ ((—J ~ 2rN + 2r/)(11 - r\) + (rJ - 2rN(r + /)+ 
+ /(J + 2r 2 + 2r/))(U + r 1 ))(r + /)r B 2 x 



x sin 



+ 



11 — cos 



r e (dt-d<f>) + 



9 Q r 2 Nf(r + f yf 2 ^N + f(J-2r 2 )) 
x (^-(]l + r 1 ) + (r + /)(ll-r 1 )) (cos 



X 



t - 



11 — sin 



t - 



I' | B 2 edr . 

(4.9) 



3 Note that er M e N ) = \ (eA/ejy + gn^m)- 
i c and s are defined as in (13. 18)) 
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The second order wig reads 



1 



9 [2] = I- j2 + 2r " ( N - /) ( 2N - /)] B o ^+ 

" 256r*W ( Jf + ^ {N ~ /} ) ( Jf + 2l * {N - 2/) ) B ° dr2+ 

~ 2^ ^ ( J + 2r2) " 4 ^ (iV ~ /)2 ] B ° #2 • (410) 

The second order gauge field is zero. 

We note that first order wig (14.71) is proportional to the bilinear B2 only, while the 
second order one (14.101) depend on Bq = — B 2 ,. In addiction, for J — > and M — > — 1 we 
recover the AdS% solution since in that case the supersymmetry preserves the solution 
and then there is no wig at all. The complete wig does not depend on t and <ft, therefore 
the isometries of the BH are preserved. In the next section we will compute the associated 
conserved charges, namely the mass and the angular momentum. The gauge field, which 
is zero at the bosonic level, is generated at the first order, but it receives no contribution 
at higher orders. 

5 Conserved Charges 

To investigate the properties of the black hole wig we compute its conserved charges, 
using holographic technique based on the boundary energy momentum tensor T^ v |9] [12j 
H~9| |21| [22] . In the following, Greek indices label boundary directions t,4>. To perform 
the computation we cast the boundary metric 7^ in ADM-like form 

-f^dx^dx" = -N^dt 2 + a{d(f> + N^dt) 2 , (5.1) 

where S is the 2-dimensional surface at constant time and the integration is over a circle 
at spacelike infinity. The conserved charges associated to the Killing vectors £ are defined 

as 



Q € = lim /d^vWT^r (5.2) 

r-Kx> J 



where = N^S^ is the timelike unit vector normal to E. 

In the present case, the wig does not depend on t and 0. Thus, the two resulting 
Killing vectors are 

# = 6"* , & = -5^ . (5.3) 

The associated charges are respectively the mass M to t and the angular momentum J tot . 
After a short computation we find 

M tot = M + i (1 + M + J) B 2 > ~ < B 2 > 

Jtot = J + l(l + M + J)(<B 2 >-^<B 2 >) . (5.4) 
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The charges ought to be numbers with a given value, then in formula (15. 4p the bilinears 
Bo and B2 are substituted with their v.e.v. < Bq >, < B2 >. In that way the mass 
and the angular momentum M tot and Jtot make sense. A vacuum with non-vanishing 
v.e.v. for bilinears might explicitly break supersymmetry, leading to a modified mass and 
angular momentum which depend on them. 

Note that M tot — Jtot = M — J and the fermionic corrections do not affect the difference 
between mass and angular momentum. Thus, if the extremality condition is imposed we 
expect that it is not lifted [18J. 

From action (12.11) we derive the conserved electric charge q 

q = lim ~ ld(j)^N a e tMN i4> M ^ N . (5.5) 

T— >OQ 2 J 

Using the equations of motion (12. 5p we can rewrite it in terms of the field strength of 
gauge field A. The computation shows that the leading term of the integral in the large 
r expansion is O (~J, thus in the r — > 00 limit q vanishes. 

The supercharge Q is connected to the presence of Killing spinors [23, 24J. As we 
have already pointed out, the present work deals with non-extremal BTZ black hole and 
therefore supersymmetry is totally broken. As a consequence, no Killing spinor exists 
and thus there is no conserved supercharge. 

In the present work we construct the complete non linear solution of supergravity 
JV = 2, D = 3 equations of motion starting from the BTZ black hole and generating the 
fermionic corrections by a finite supersymmetry transformation. Due to the simplicity of 
the framework we are able to give analytic expression for the metric gMN at the highest 
order in the fermionic expansion. 

The aim of this work is to prepare the ground for a complete computation of grav- 
ity/fluid correspondence type and derive the non-linear supersymmetric Navier-Stokes 
equations for the complete solution. For that we need to replace the fermionic parameters 
with local function of the boundary of Ad S3 and insert this variation in the equations of 
motion. They are satisfied only whether those parameters enjoy certain equations that 
we want to uncover. That will be part of a forthcoming publication. 
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